The force between two parallel current-carrying wires is investigated in the rest frames of the ions and the electrons. A straightforward Lorentz transformation shows that what appears as a purely magnetostatic force in the ion frame appears as a combined magnetostatic and electrostatic force in the electron frame. The derivation makes use of a reasonably well-known problem of a charged particle moving parallel to a current-carrying wire, which is often used to illustrate that what appears as a purely electrostatic force in one frame appears as a purely magnetostatic force in another. This paper, aimed at undergraduate electromagnetism and special relativity courses, serves to dispel the notion that this makes either the electrostatic or the magnetostatic force redundant.
Introduction
The case of a charged particle near a current-carrying wire has become a popular vehicle for showing the relativistic nature of electrostatics and magnetostatics [1] [2] [3] . Of these papers, Gabuzda's paper is the most general, as it deals with a charged particle moving parallel to a current-carrying wire at any speed [1] . It contains an in-depth discussion of the literature on the topic at an introductory university level. Piccioni's paper takes the special case of the charged particle moving at the same speed as the charged particles in the wire [2] . It is primarily written for high-school teaching and contains some additional references. Both Griffiths [3] and Purcell [4] consider the wire from the somewhat artificial viewpoint of a reference frame moving at half the drift velocity, so that electrons and ions both move at v d /2.
The storyline unfolds in a similar fashion to the following. The current-carrying wire is modelled in such a way as consisting of fixed positive ions and free electrons moving at drift speed v d . As seen in the ion frame the wire is electrically neutral, which means that the (linear) ion and electron densities must be equal. Since the electrons are Lorentz contracted, they must have a smaller linear charge density in their rest frame than in the ion frame. In the ------ion frame electron frame + + + + + + ------
------+ + + + + + ------
. Point charge (top) and current-carrying wire (bottom) in the presence of a long currentcarrying wire in the reference frames of the ions (left) and electrons (right) in the wire. Length contraction effects are shown explicitly; they are depicted accurately for the unrealistic case of γ = 1.25. In each case, it is indicated explicitly whether electrostatic and magnetostatic forces are zero or non-zero.
electron frame, the ions are Lorentz contracted, so their linear charge density must be greater than that in the ion frame. This sets the scene for the following argument. Imagine a charged particle q moving parallel to the current-carrying wire at the electron drift velocity 1 . In the ion frame, the interaction between the wire and the charged particle is described in terms of magnetostatics. In the electron frame, this interaction is described in terms of electrostatics-see figure 1. Special relativity is then invoked to show that the two expressions can be transformed into one another.
Unless warned explicitly, a student following this line of thought may well be left with the impression that either electrostatics or magnetostatics is redundant. In this paper, I will use the closely related example of the force between two parallel wires carrying equal currents in the same direction to illustrate that both electrostatics and magnetostatics need to be retained.
Auxiliary problem: a charged particle near a current-carrying wire
The case of a charged particle in the field of a current-carrying wire serves as an auxiliary problem to the one under consideration. In the solution presented here, which closely follows that of [1] , all variables are taken to be positive.
In the ion frame, both the linear ion charge density λ + and the linear electron density λ − are equal to λ 0 . The electron current is related to the linear charge density and the electron drift velocity by
In the electron frame, we find for the linear ion charge density λ +
for the linear electron charge density λ −
and for the net linear charge density λ
where
In special relativity, the force exerted by this linear charge distribution on the charged particle is not instantaneous, as it is in classical physics, but retarded. However, because the charge distribution does not change with time, we may ignore the finite time it takes for the electrostatic force due to each element of the linear charge distribution to affect the charged particle, and Gauss' law may be applied as in classical electrostatics. In the electron frame, the charged particle is stationary, so it experiences an electrostatic force due to a long uniformly charged line, pointing away from the wire, of magnitude
where r is the distance from the charged particle to the wire 2 . In the ion frame, the wire is electrically neutral but the charge moves at a speed v d to the right. In the ion frame, the distance to the wire is also r. Since the charged particle is stationary in the electron frame, a force pointing towards the wire transforms as [5] 
Hence, using equation (7) and the identity c = (ε 0 µ 0 ) −1/2 , equation (6) becomes
(where the subscript has been dropped deliberately). Using equation (1), we find
and finally, using Ampere's law, we arrive at the familiar expression for the Lorentz force:
where the subscript B is introduced for obvious reasons. 2 Alternatively, equation (6) can be derived by integrating the electric force components perpendicular to the wire due to small segments of linear charge density λ and length dx :
Two parallel current-carrying wires
In the case of the two parallel current-carrying wires, the charged particle q is replaced by a long wire carrying an identical current in the same direction. In the ion frame, this second wire has length l, its proper length. It can be viewed as a line of stationary ions plus a line of electrons moving at speed v d in the magnetic field due to the first wire; there is no electrostatic interaction-see figure 1.
In the electron frame, the length l of the second wire is given by
Moreover, there is a magnetostatic interaction F B in the electron frame due to the ions in the second wire moving in the magnetic field caused by the positive ion current in the first wire, and an electrostatic force F E between the two wires that each have a net linear charge density λ .
To find F B , first solve the auxiliary problem of finding the magnetostatic force exerted by the first wire on a single particle of charge q stationary in the ion frame-i.e., moving at v d in the electron frame. The ion current I in the first wire is given by
Using Ampere's law, this current gives rise to a magnetic field
and hence a Lorentz force on the moving particle given by
To find the magnetostatic force on a line of positive ions of length l moving at speed v d in the cylindrically symmetric field of the first wire, make the substitution q = λ + l = λ 0 l:
To find the electrostatic force between the two wires, similarly substitute q = λ l = λ 0
c 2 l into equation (6) :
Since F B and F E are in opposite directions, the net force F between the wires becomes
Substitution of equation (1) yields
3 By symmetry, this force on the moving charge must be equal to that of equation (6), which of course it is. However, equating the electrostatic force of equation (6) to the magnetostatic force of equation (14) is probably confusing to students, and hence the simple three-step derivation given here is preferred. 4 It follows that the magnetostatic force is always greater than the electrostatic force by a factor of v 2 d /c 2 , and the terms only become equal in the limit v d →c. In the more realistic setting of a drift velocity of the order of 10 −4 m s −1 , the magnetostatic force is 25 orders of magnitude greater than the electrostatic force. The calculation in the concluding paragraphs of [2] , in which the electrostatic force in the electron frame is equal to the magnetostatic force in the ion frame, is in error, as can been seen by straightforward substitution of numbers in equations (12) and (15) of [2] .
To transform this force to the ion frame, we need to realize that the force is between the wires, which move at speed v d within the electron frame. Hence the force transforms, not as in equation (7), but as
Thus, we find that the force between the wires in the ion frame is given by
which is identical to the expression found in the laboratory frame for the attraction between two wires carrying equal currents in the same direction.
Conclusion
This derivation shows that the force between two parallel current-carrying wires is purely magnetostatic in the rest frame of the wires, but is a combination of electrostatic and magnetostatic forces in the electron frame. This result should serve to dispel any notion of redundancy of electrostatics or magnetostatics. While the derivation is primarily aimed at the introductory undergraduate level, it could also serve to limit the risk of seeing electromagnetic fields as something that can only be done in the context of antisymmetric second-rank tensors in higher level courses.
In a recent interesting paper, van Kampen [1] discussed the force between two parallel currentcarrying wires, attempting to extend a nice analysis by French [2] . It is perhaps worthwhile to point out some unhappy errors in [1] which could be a source of confusion.
As is usually done for teaching purposes, van Kampen modelled a current-carrying wire as consisting of two superposed lines of charge: one moving (that of free electrons moving at drift speed v d ) and the other, which has an equal but opposite charge density, at rest (that of fixed positive ions). He considered the force on a charged particle q moving parallel to the current-carrying wire at the electron drift velocity, first in the electron frame (where the force is purely electric) and then in the ion frame (where the force is purely magnetic). The author correctly derived the force in the electron frame given by his equation (6) using the Gauss law. However, in footnote 2 of [1] he presented an alternative way of deriving the electric force which is erroneous. As can be seen, using the same notation as in [1] , the correct starting equation for deriving the electric force F E reads as
The first term in equation (1) gives the contribution to the electric force due to the stationary line of free electrons; it is obtained by integrating the electric force components perpendicular to the wire produced by small segments of the stationary line of electrons with linear charge density −λ − and length dx . The second term in (1) is due to the uniformly moving line of positive ions; it is obtained by integrating the analogous force components produced by small segments of the moving line of ions with charge density λ + and length dx , making use of the well-known formula for the electric field of a uniformly moving point charge (cf, e.g., [2, 3] and also [4, 5] ).
1 1 Everything appears as if a uniformly moving point charge carries its electric and magnetic fields the way a snail carries its house. However, 'this is an extraordinary coincidence, since the 'message' came from the retarded position' [6] . (Note that the fields of a uniformly moving particle at a field point at a given instant are unaffected by the particle's motion after it passes the corresponding retarded position; that motion need not be uniform.)
Another point is that the last section of [1] dealing with the force between two parallel current-carrying wires basically seems to be flawed. Namely, van Kampen considers a segment of an infinite current-carrying wire of rest length l. He takes it for granted that the electromagnetic force acting on the wire segment by another infinite current-carrying wire parallel to the first one transforms from the electron frame to the ion frame according to a well-known transformation law of a relativistic three-force [2] , 2 applying the transformation law to the wire segment moving as a whole at the drift speed v d relative to the electron frame. However, this is wrong. The well-known transformation law applies to a force acting on a point particle, such as the Lorentz force (which is a pure relativistic force par excellence). As can be seen, the same general form of the transformation law (for the transverse force) also applies to the electromagnetic force acting on the ions of the wire segment considered as well as to the force acting on the corresponding electrons. However, since the ions move and the electrons are at rest relative to the electron frame, the general form of the force transformation reduces to
in the case of the transverse force on the ions, whereas in the case of the transverse force on the corresponding electrons it reduces to
Consequently, there is no single transformation law for the force acting on the wire segment as a whole and van Kampen's argument is erroneous. Thus, the forces on the ions and on the corresponding electrons must be treated separately. It can be easily verified that the total force on the line of ions of the wire segment (whose length is l + = l/γ in the electron frame) vanishes,
in the electron frame. Equations (4) and (2) imply that F + vanishes too:
as it should. On the other hand, the force on the corresponding line of electrons of the wire segment (whose length is l − = lγ in the electron frame) is given by
in the electron frame. From equations (6), (5) and (3), we find
as it should be. Our analysis indicates that the treatment of the current-carrying wire segment requires the transformation of forces acting on moving electrons from the electron frame to the ion (wire) frame.
Introduction
The Comment by Redžić [1] on my paper on the Lorentz transformation of current-carrying wires [2] raises an interesting point. To remind the reader, my paper concerned the force exerted on a point charge by a currentcarrying wire. The paper was written for an introductory physics audience that may not even be familiar with calculus. The lucid introduction by French [3] was therefore at too high a level, and I had to make some simplifying assumptions. Thus, Redžić's assertion that one must look at the retarded field is incontestable in a more advanced course on special relativity, but it would render the treatment inappropriate for its intended audience.
Therefore, I argue that, within the confines of the model used, my derivation is fine 1 . The model of an unchanging ion current in an infinitely long wire implies that the ions must have been in uniform motion for an infinitely long time, and therefore the charge distribution of the line of charges can be treated as stationary. Hence, we can assume that dρ/dt = 0, and classical electrostatics can be used to describe the effect of the full line of charge. Any effects of retardation drop out of the equations; indeed, when one performs the integral in equation (1) of Redžić's comment, the classical electrostatics result emerges. Footnote 2 of my paper merely intended to give an alternative calculational method under the same classical electrostatics assumption that the charge distribution is stationary; it is possible that the text did not make this point sufficiently clear.
Transformation of a wire segment
My derivation given in section 3 of [2] is indeed incorrect, and Redžić's correct derivation is appropriate for the intended audience. There is a very interesting lesson here, even if I would have preferred a less public forum to learn it. (It is scant consolation that, when it comes to messing up transformations between reference frames, I am in good company [4] .) The lesson is this: wire segments cannot be reified. Electromagnetic forces do not act on wire segments; they act on ions and electrons. The difference becomes apparent when these are in motion with respect to each other. To my frustration, I pointed out aspects of this issue in another paper [5] .
